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Investigation of Supersonic Phenomena in a
Two-Phase (Liquid-Gas) Tunnel

ROBERT B. EDDINGTON*
Air Force Institute of Technology, W right-Patter son Air Force Base, Ohio

Homogeneous two-phase flows of dispersed liquid and gas having gas-to-liquid volume ra-
t ios around 1:1 exhibit the characteristics of a continuum flow with a greatly reduced sound
propagational velocity. This velocity approaches 66 fps at atmospheric pressure for a homo-
geneous mixture of water and air, and reduces further as the square root of the static pressure.
Flows of such mixtures at velocities in excess of the local velocity of sound can produce shock
phenomena similar to that experienced in supersonic, gaseous media. A supersonic two-
phase tunnel was designed and built to create normal and oblique shock structure that can
be photographed and analyzed with a minimum of boundary-layer interference. The ap-
plicability of the isothermal continuum theory to such flows is confirmed empirically for vol-
ume ratios near 1:1. Auxiliary flow devices were constructed for the measurement of such
difficult to determine flow parameters as the relative phase velocity, local void ratio, coeffi-
cient of friction, and stagnation pressure. A general change in the flow model matrix was
found at volume ratios approaching 1:1. The coefficient of friction measured for super-
sonic flow was found to be a simple function of the local void ratio. Stagnation pressures
measured for a wide range of flow conditions approximate an isentropic relation for a sub-
stantial part of the supersonic flow spectrum. Measurements of flow characteristics were
made over a range of Mach numbers from 2.2 to 19.

Nomenclature
c = velocity of sound (fps)
M = Mach number
m = mass (slug/ft3)
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P = mixture pressure (lbf/ft2)
PS = isentropic stagnation pressure, mixture (lbf/ft2)
P4 = normal shock plus isentropic stagnation pressure, mix-

ture (lbf/ft2)
rm = gas-to-liquid mass ratio
rv — gas-to-liquid volume ratio
u = X component of mixture velocity (fps)
u = component of mixture velocity normal to the shock wave

(fps)
u' = component of mixture velocity parallel to inclined plane

(fps)
v = downstream velocity component perpendicular to the

upstream flow direction (fps)
1) = volume (ft3)
V = velocity (fps)
j3 = angle of shock wave with horizontal (deg)
B = angle of inclined plane with the horizontal (deg)
p = mixture density (slug/ft3)
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TW = wall shear stress, mixture (Ibf/ft2)
Twl = Wall shear stress, liquid (Ibf/ft2)
ju = micro

Subscripts
g = gas phase
I = liquid phase
1 = upstream of shock
2 = downstream of shock

1. Introduction and Approach to Isothermal
Two-Phase Flow Relationships

FLOWS containing one or more distinguishable elements
having both liquid and gaseous phases are generally

known as "two-phase flows." To date, the majority of
multiphase analytical and experimental investigations have
been concerned with subsonic flows of space and time vari-
able flow models. The formulation of the fundamental
hydrodynamic equations for such systems can become very
complex depending upon the extent to which phase and ele-
ment interrelationships and position must be determined.

With the advent of high flow velocities and heat-transfer
rates found in certain nuclear reactors, rocket propulsion
systems and two-phase power generating equipment1 time
stable (in a broad sense) homogeneous bubble and homo-
geneous spray flows have appeared as principal characteristics
of these systems. Such flows that have a volumetric ratio
of gas-to-liquid between 0.1 and 10 and that are sufficiently
homogeneous to be described as continuum flows can be
treated by considerably simplified, hydrodynamical equations,
particularly if the mixture is assumed to be isothermal.

One important aspect of two-phase continuum flows, how-
ever, which has received virtually no previous experimental
study and little theoretical attention is the supersonic flow
regime that may easily develop from the relatively low sonic
velocity occurring within this range of void ratios. The
major portion of this study is directed toward the examination
and correlation with theory of the phenomena that is
characteristic of supersonic, two-phase, nondissolving, liquid-
gas flows.

Acoustic Propagation

The propagation of a pressure disturbance in a bubble-
liquid mixture or froth was first investigated by Mallock.2
Ackeret,3 Wood,4 and Spitzer5 further derived relationships
for the propagation and attenuation of oscillatory pressure
disturbances in bubbly mixtures. Campbell6 and Campbell
and Pitcher7 investigated the velocity and attenuation of
single pressure pulses in bubbly mixtures.
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One general conclusion from these investigations is that a
two-phase medium can be treated as an isothermal continuum
for the propagation of acoustic waves, if the distance be-
tween bubble centers is less than J wave length and if the
bubble radii are less than 0.004 in., unless for sinusoidal os-
cillations, the sound frequency is less than 100 cps.6 The
sonic velocity c in the continuum depends upon the pressure
P and the density p through the well-known ratio,

c = (dP/dp)112 (1)

If the gas-to-liquid mass ratio is designated by rm and the
gas-to-liquid (static) volume ratio by rv, then

rm = —- per unit volume, rv = —- per unit volume
mi Vi

and the average density of the continuum can be written as

where pi is the liquid density.
For pressures less than 1000 psi, and bubble diameters

in the vicinity of 0.004 in., the effects of compressibility and
surface tension on a liquid such as water can be neglected.
For volume ratios less than 10; the temperature changes in
the continuum can be considered negligible so that, from
Boyles* Law, the pressure times the volume is a constant
that gives an isothermal equation of state;

P(rv) = const (3)

Combining Eqs. (2) and (3), and obtaining the derivatives
of P and p as in Eq. (1), the velocity of sound in an isothermal
continuum becomes

= (1 +rv)[P/Plrv(l + r w ) ]1/2 (4)

The density of the gas can be ignored in formulation of Eq.
(4) with an error in c of less than 0.5% over an rv of 0.01 to
4.O.6

Figure (1) shows the isothermal speed of sound c in an air-
water mixture as a function of rv according to Eq. (4). A
definite minimum can be seen for an rv = 1.0 corresponding
to c = 65 fps.

Based on Eq. (4), a Mach number can be defined in the
usual form for the two-phase continuum flow as

M (1 + r,)

where the mixture velocity (V) is related to the phase ve-
locities through the continuity equation for multiphase flow.
For the range of volume ratios considered in this paper, the
liquid velocity (Vi) can be used as the mixture velocity with

Fig. 1 Isothermal speed of sound in an air-water mixture
at 530°R.
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Fig. 2 Upstream Mach number as a function of mixture
velocity for various values of static pressure (0 < Mi < 32,.

rvi = 1.0).
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Table 1 Two-phase tunnel dimensions and operating
conditions

Upstream height 1.956 in.
Upstream width 0.756 in.
Upstream cross section 1.479 in.2

Volume ratio (rVl) 0.77-0.96
Test section height 1.600 in.
Test section width 0.381-0.756 in.
Test section length 4.00 in.
Water injection pressure 0-1000 psi
Water flow rate (mi) 0-100 Ib/sec
•Gas injection pressure 0-500 psi
•Gas flow rate (mg) 0-0.36 Ibm/sec
Mixture velocity (Fi) 0-334 fps
Mach number range (Mi) 0 c^ 100
Reynolds number (maximum, based on tunnel

height) 2 X 106

Power density 443 hp/in.2

.an error on the order of 0.1%. The relationship of Eq. (5)
is plotted parametrically in Fig. 2 for a volume ratio of 1.0.

Considerations for Shock Wave Propagation

Parkin et al.8 extended the analysis of Campbell and
Pitcher7 to far more intense shock waves. Such interphase
relationships as surface tension, dynamic bubble behavior,
lieat conduction, and gas phase dissolution were considered.
The results of their analysis suggest that for a range of down-
stream pressures up to 10,000 psia and over, a range of volume
ratios from 0.1 to 10, the two-phase flow can be considered
isothermal through normal shock structure. Further, the
most important flow parameters such as pressure, velocity,
density, and volume ratio can be derived directly from the
•conservation relations of mass and momentum and the iso-
thermal equation of state applied to both sides of the shock
structure, ignoring the relaxation processes within. The
experimental work reported in the following sections will
demonstrate how well this approach approximates the
ilow characteristics over a wide range of shock strengths.

2. Supersonic Two-Phase Tunnel

Indications of normal shock phenomena had been reported
in previous difTuser studies.9 However, since no previous
investigations into the completely supersonic regime of two-
phase flow had been performed, such flow characteristics as
boundary-layer buildup, shock thickness, shock visibility,
flow stability, and total head pressure were uncertain. In
order to determine, experimentally, the possible existence of
normal and oblique shock waves in two-phase flow and make
measurements of the significant flow characteristics, a tunnel
with unusual flexibility was required.

Utilizing a water pump in the hydrodynamics laboratory
at the Caltech Jet Propulsion Laboratory having an output
•capacity of 720 gal/min at 1100 psi, a tunnel was designed
with a Ij in.2 test section capable of attaining a Mach num-
ber of 5.0 at atmospheric pressure and Mach numbers ap-
proaching 100 near the vapor pressure of water at ambient
temperature. Figure 3 shows a line sketch of the tunnel
.assembly depicting the relative positions of the major tunnel
•components. The high-pressure water enters the calming
duct at the left. The two-phase injector consists of a bundle
of 192 small (0.70 in. i.d.) stainless steel tubes through which
the high-pressure water is accelerated in excess of 300 fps and
about which nitrogen gas is injected to form a high-velocity,
low-pressure two-phase mixture in the rectangular mixing
duct. Transparent, movable sidewall, and boundary-layer
knife assemblies in the test section allow removal of the side
boundary layers which have built up in the low-pressure
mixing section. The top and bottom boundary layers are
removed by fixed knife assemblies set downstream from the

TUNNEL SIDE WALL
AND SPLASH SHIELD BOUNDARY LAYER REMOVAL KNIVES

LIGHT SOURCE

LOCATION OF
TEST WEDGES

-"-DISCHARGE

BACK PRESSURE
VALVE

— TRANSPARENT
MOVABLE SIDE WALL

CAMERA

HIGH PRESSURE,
LOW VELOCITY

LOW PRESSURE HIGH PRESSURE

SUPERSONIC TWO PHASE (LIQUID-GAS) FLOW

Fig. 3 Schematic of two-phase tunnel and photographic
equipment.

sidewall knives at a position which can be viewed through the
transparent sidewalls. The fixed assemblies serve as a
convenient holding point for a normal shock, when the test
section discharge is constricted by the back pressure valve
in the discharge duct. The high-velocity boundary-layer
flow is contained by outer tunnel walls and returned to the
main water sump through a discharge duct in the bottom of
the test section.

A substitute lower knife assembly also serves as a model
support as shown in Fig. 4. A total head probe housing is
attached to the upper boundary-layer knife. Sealing glands
at the top of the housing allow three-dimensional positioning
of the probe through normal shock structure at pressures
ranging to 1000 psi. Static pressure is measured through
pressure taps drilled along the center line of the opposite
plexiglass sidewaJl as seen in the background of this figure.
The assembled tunnel with the outer splash shields and pro-
tective glass cover window is. shown in Fig. 5. Table 1
lists the significant tunnel dimensions and operating
parameters.

3. Calibration of the Tunnel and
Determination of the Two-Phase Flow Model

Tunnel Calibration

Determination of the Mach number in the tunnel test sec-
tion is dependent upon an accurate knowledge of the liquid
velocity, gas velocity, and local volume ratio. Since in-
strumentation is not available for measurement of such two-
phase characteristics, a duplicate tunnel was constructed
containing the variable side boundary-layer knives and
terminating at the position of the fixed boundary-layer
knives. Ducts were attached to all boundary-layer slots so
that the individual liquid mass flow rates could be measured.
The tunnel assembly was placed on a thrust stand allowing
measurement of the thrust from the resultant core flow in

Fig. 4 Closeup of test section showing typical model
placement and forward duct extensions.
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Fig. 5 Side view of complete tunnel assembly.

the test section at various mass flow rates and side boundary-
layer knife settings.

From a simple force balance relationship values of the
average liquid core velocity (Vi^ were determined for the
full range of liquid and gas mass flow rates used in all later
tunnel testing. With the liquid velocity and mass flow rate
in the core known, the continuity relation gives the liquid
core area which combined with the known cross sectional area
between the knives gives the local gas area and gas-to-liquid
volume ratio. By repeating all measurements at increments
of boundary-layer thickness from the wall to the core, the
liquid velocity profiles, local volume ratios, and gas-liquid
distributions in the boundary layer were determined. Mea-
surements of the gas mass flow rates along with the continuity
relationship and the computed local gas cross sectional areas
then gave the gas velocity in the core.

Plots of the local liquid velocity vs distance from the
sidewall are shown in Fig. 6. The curves approach zero
slope at a depth of approximately 0.150 in. from the sidewall.
Consequently, all measurements of the supersonic phenomena
to be reported in subsequent sections are made with ^0.150 in.
of the boundary layer removed.

Flow Model

The liquid velocity was found to exceed the gas velocity
by 17 to 20% regardless of the gas-to-liquid mass ratio.
This condition suggested the existence of a slight positive
pressure gradient in the mixing duct which was confirmed by
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static pressure measurements along the length of the duct.
For a relatively immiscible mixture such as nitrogen and
water in which there is negligible mass transfer between
phases and a mass ratio of the order 10~3, a static pressure
gradient is primarily sustained by the drag between phases.
With relative phase velocity and static pressure gradient
information comparisons could be made with possible geo-
metric liquid-gas distribution models.

Three models were chosen, individual water streams in
gas, a water droplet distribution in gas, and a gas bubble dis-
tribution in water. The liquid stream drag model was found
to correspond to a pressure gradient of an order 100 times less
than measured, whereas the gas bubble in water corresponded
to a pressure gradient 1000 to 10,000 times greater than mea-
sured. The water droplet model corresponded to a pressure
gradient that was within a factor of 10 of that measured.

High-speed (f p, sec) still pictures of the two-phase flow
revealed a bubble structure of two basic size groups in a
water matrix. However, the bubbles were formed into chain-
like groups oriented parallel with the flow. With increasing
flow velocities, the size of the groups tended to decrease.

Although at the extremes of volume ratio for homogeneous
flow of 0.1 and 10, one may reasonably expect geometric
distributions of bubble in liquid and liquid droplet in gas,
respectively, in the vicinity of a volume ratio of 1 to 1 no
such simple distribution exists. The chain-like arrangement
apparently reduces drag on the gas bubbles by three orders
of magnitude. At a distance much further from the injector
it is quite possible that the bubbles would tend to separate.
Additional evidence relating to the nature of the upstream
gas-liquid structure is provided in the discussion of normal
shock structure.

4. Normal Shocks

Fundamentals

Fig. 6 Liquid velocity profiles, 8.5 in. downstream from
the injector face.

As previously stated, for a relatively nondissolving mixture
such as air or nitrogen and water at mass ratios between
0.1 and 10, the coupling of heat, mass, and momentum trans-
fer between phases can be neglected in the energy and mo-
mentum equations with negligible error. Further, the flow
can be considered isothermal through normal shock struc-
ture and the relationships for the most important flow
parameters can be derived directly from the conservation
relations of mass and momentum and the isothermal equation
of state.

Let subscript 1 denote the region ahead of the shock and
subscript 2, the region behind the shock. The continuity
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equation across the normal shock is

= p2F2

and the momentum equation is

piFi2 - P272
2 = Pa - Pi

(6)

(7)

SCALE IN INCHES

0 0.5 ____1.0 1.5 2.0 2.5

Combining Eqs. (6) and (7), and employing Eqs. (2) and
(3) on both sides of the shock and noting in addition that
Tmi = rm2 from a control volume analysis, the pressure down-
stream of the shock is

(8)

Comparing Eqs. (8) and (4), the pressure ratio becomes a
function of the upstream Mach number,

Combining Eqs. (3) and (9), the downstream volume ratio is
r — r /71/JT2 (~\f\\
• vz — ' vi/ -L'-L 1 V.-'-W

Combining Eqs. (7) and (10) with the ratio of average stream
densities in terms of mass and volume ratios at the two sta-
tions gives the downstream velocity relation as

(11)

By definition, the downstream Mach number is

M2 =
which, with Eq. (4) for c2, leaves

Vz

(12)

(13)

Substituting Eq. (11) for 72 and combining with Eq. (4)
the downstream Mach number relation becomes

= 1 (14)

Results

During operation of the tunnel, it was found that restric-
tion of the flow by the back pressure valve would readily
create a stable, normal shock on the leading edge of the upper
and lower boundary-layer knives in the test section. The
static pressure taps, separated by 0.2 in. along the center
line, provided static pressure sampling through the depth
of the shock structure and the three axis probe provided both
total head and static pressure surveys through the depth,
width, and height of the shock structure.

With maximum boundary-layer removal, the normal shock
phenomena appeared as two black lines approximately 0.10
in. apart. The two lines tend to merge into one because the
camera lens was not coincident with the shock center line,

POSITION OF UPPER AND
LOWER BOUNDARY LAYER
KNIFE EDGES

Fig. 7 Normal shock Ml = 3.95.

0 2 4 6 3 10 12

STATIC PRESSURE TAP POSITIONS (0.2 in. BETWEEN CENTERS)

Fig. 8 Static pressure as a function of horizontal position
through a normal shock for values of liquid velocity (Fzi).

(Fig. 7). As the width of the test section was increased, the
depth of the observable shock phenomena increased to a
maximum of =1.0 in. (Ref. 11).

The time required for the collapse of a 0.010 in. diam bubble
at 200 fps is about 10~5 sec which is approximately the time
required for the mixture to travel 0.05 in. The time required
to reach 90% of thermo-dynamic equilibrium is approximately
1 msec which is the time required to travel 1 in. at the down-
stream velocity.

The initial dark line is apparently the result of the turbu-
lence of bubble compression; the light area, a nearly liquid
region in which the bubbles have reached their minimum
size and the following dark line, the bubble rebound and
turbulence region. This is followed by a transition region
leading to thermo-dynamic equilibrium as evidenced by a
gradual increase in light transmission as bubble size again
decreases along with turbulence.

Static pressure profiles across the shock structure were
continuous as expected, since static pressure gradients can
be sustained only by the drag between the phases for the
conditions specified. Upstream, the bubbles are arranged
in chains with a relatively low average coefficient of drag
(Cd). The entrance of these chains into the shock front
compresses the bubbles and destroys their connecting chain
structure increasing their effective average Cd. The static
pressure gradient is then indicative of the average Cd change
within the shock structure. After reaching a maximum Cd
configuration, the pressure gradient should decrease with
pressure and approach its downstream value asymptotically
as the bubble size is established by thermal equilibrium.

Static pressure plots at various Mach numbers and liquid
velocities confirm this hypothesis. A plot of static pressure
as a function of horizontal position through a normal shock
for values of liquid velocity is shown in Fig. 8. At the
lower velocity, the profile reaches upstream with a gentle
gradient while at the higher velocities, the leading foot of the
profiles is shortened and the gradients reach very large
values.

Correlation of the pressure profile curves with the first
visual evidence of a change in the upstream flow pattern as
it approaches the shock position, indicates that changes in
visual density, bubble size, and bubble orientation occur
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Fig. 9 Pressure ratio as a function of Mach number for a
normal shock.

simultaneously with the relatively rapid increase in pressure
gradient for a nearly constant volume ratio equal to 0.77.
Reduction of the gas-to-liquid mass ratio at all velocities
tends to steepen the maximum pressure gradient as expected
from the better distribution of bubbles upon compression.

Static Pressure Ratio

According to Eq. (9), the static pressure ratio across a
normal shock is proportional to the square of the Mach
number. Because Mach number includes V, rv and rm, the
validity of this simple proportionality supplies strong con-
firmation of the basic isothermal relations developed through
Eq. (14) and the parameters of actual tunnel operation. A
plot of the measured static pressure ratio vs the isothermal
theory is shown in Fig. 9. The results of the plot fall within
2% of the theory through the full range of tunnel velocities
and Mach numbers up through MI = 6.

The downstream static pressure was found to be essen-
tially independent of the upstream static pressure for pres-
sures PI < 50 psia. Parametric plots of Eq. (8) show that
the effect of an rm increase with pressure becomes significant
forPi> 100 psia.11

The downstream mixture velocity cannot be measured
conveniently in a thrust arrangement as was done for the
upstream velocity. However, sufficient movement of bubble

^3

NORMAL SHOCK VELOCITY RATIO

1*2] K + V,)

H ^f(.^)

—BASED ON ISOTHERMAL THEORY
/-,, VALUES AS MEASURED IN A

J^2\ EXPERIMENTAL VALUES MEAS
\!/j / STRATA MOVEMENT ON DYN

^-—— _^ ! ' ———— 1 ———————————————— 1 —————————

io i ———

j

i !

WITH
3TUALTUNNEL

URED FROM
AFAX FILMS

o

UPSTREAM MACH NUMBER M}

Fig. 10 Velocity ratio as a function of upstream Mach
number at actual tunnel rvi values.

strata occurred downstream of the normal shock to permit
mixture velocity determination from analysis of high-speed
(26,000 frames/sec) Dynafax sequences. A plot of the
measured values of downstream-to-upstream velocity ratio
(Vz/Vi) as a function of Mach number is shown in Fig. 10.
The data agrees within 10% of the isothermal theory up to
MI = 12. Because the strata observed in the flow consists
primarily of gas voids, it will be somewhat slower than the
average liquid velocity (Yz2) and since it is necessarily close
to the wall, it will be further slowed in the development of a
wall boundary layer, which is evident in the results plotted.

5. Oblique Shocks

Fundamentals

The normal shock analysis can be expanded to oblique
shock waves with relative ease for the isothermal case by
using the geometrical relationships common to the derivation
of oblique shock relations for gaseous single-phase media.
The equations of continuity and momentum, mixture density
and velocity, the isothermal equation and the geometrical
relationships form a complete set of equations for the deter-
mination of the downstream flow characteristics.

With reference to Fig. 11, the continuity equation can be
written as

sin/3 = p2(uz sin/3 — v2 cos/: (15)
The momentum equations normal and parallel to the shock
wave are
normal

Pi + piuS sin2/3 = P2 + P2(u2 sin/3 - v2 cos/3)2 (16)
parallel

piUi* sin/3 cos/3 = p2(u2 sin/3 — v2 cos/3) X
(u2 cos/3 + v2 sin/3) (17)

Combining these relationships with the isothermal equation
of state, mixture density, and Mach number, each written
for both upstream and downstream parameters, the various
significant quantities of the oblique shock and downstream
conditions can be derived as a function of the upstream
conditions and boundary constraints. The shock angle ft
cannot be explicitedly solved for and appears with Mach
number Mi, volume ratio rvl, and deflection angle 6 as

(-sin3/3 sintf) cos0) -
(sin/3 cos2/3sin0)(l + rvl)

- d)]
(18)

The pressure ratio in terms of upstream Mach number
and shock angle is

P2/Pi = M
and the ratio of volume ratios is

sin2/3 (19)

W>»i = (M^sin2^)-1 (20)
The downstream Mach number can be obtained as a function
of the shock and deflection angles, the upstream Mach

Fig. 11 Oblique shock relationships.
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number, and the upstream volume ratio as

2 ~ (cos<9 + tan/5 sin0) (Mi2 sin2/? + rvl)
(21)

Equations (18-21) are sufficient to describe the downstream
flow and the shock geometry for any initial values of up-
stream Mach number, volume ratio, pressure, and flow de-
flection angle. The foregoing derivation is somewhat ideal-
ized, however, since a portion of the deflection geometry will
necessarily involve incomplete relaxation processes depending
upon the proximity of the shock wave to the deflecting
surface.

Shock Angle /3

Equation (18) cannot be solved for shock angle ft and,
consequently, solutions of ft for initial values of deflection
angle 6, MI, and rvl must be solved by iteration on a digital
computer. The results of such computations show that an
increase in rvl increases the maximum 6 for which an oblique
shock attachment can occur, while simultaneously decreasing
the shock angle ft for any fixed value of MI and 8. Further,
ft is a strong function of Mach number near the limiting
minimum Mach number, decreasing to a lower limit near
MI = 20. Beyond MI = 20, ft becomes nearly constant.11

Experimental determination of oblique shock angles was
accomplished with double wedge models mounted on the
lower boundary-layer knife. The leading edge of the model
was located on the center line of the test section as previously
shown in Fig. 4. The wedges are 0.5 in. wide and when placed
symmetrically within the test section, allow removal of 0.127
in. of boundary layer on each side. The sidewall velocity
at this depth would be within 2% of the core velocity.

Wedges of 4°, 10°, and 20° deflection were subjected to
supersonic; two-phase flows ranging in Mach number MI from
1 to 20. Because the Mach number is a function of both
mixture velocity and pressure, test series were made with
runs at constant pressure and various velocities and runs at
constant velocity and various pressures to determine the
behavior of such oblique shock characteristics as shock
angle and downstream pressure with Mach number.

Figure 12 shows the variation of ft as a function of Mach
number MI for flow deflections of 4° and 10°. Some inter-
action between the wedge shock and the top and bottom of
the tunnel walls was visibly evident at the lower Mach num-
bers, suggesting that the test section choked near a Mach
number of =2.2. The experimental data points between
Mi = 2.2 and 2.7 on Fig. 12, for the 10° wedge, confirm the
sharp upturn of the theoretical curve in this region and the
ultimate disattachment of the oblique shock at Mach numbers
less than 2.2. The data accumulated at Mach numbers
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Fig. 12 Measured values of shock angle as a function of
Mach number for 4° and 10° deflection wedges.

Fig. 13 Infrared photographs of supersonic, two-phase
flow over a 4° deflection wedge at various Mach numbers

a) Mi = 2.25, b) M! = 4.20, c) MI = 10.5. •

between 10 and 20 closely substantiate the validity of the
asymptotic nature of the theoretical curves to a constant
value in the upper Mach number ranges.11

Figures 13a-13c show a sequence of increasing Mach
numbers for the 4° deflection wedge and Figs. 14a-14c, a
similar sequence for the 10° wedge. The oblique shocks
from the leading edge of the 10° wedge are more clearly de-
fined than those from the 4° deflection wedge. A complete
void exists behind the wedges up to nearly Mi = 4.0. At
higher liquid velocities, the pressure is sufficiently high be-
hind the shock to turn the flow more quickly and partially
close the void area. There are no expansion structures
evident in the two-phase flow that are capable of turning the
flow about a sharp corner.

Static Pressure Ratio

Figure 15 shows pressure ratio P2/Pi as a function of Mach
number for flow deflections 6 of 4° and 10° at an rvl = 0.8
which corresponds to a flow velocity of 180 fps. The ex-
perimental data conforms closely to the isothermal theory
at the specific values of rvl plotted. Generally, at the lower
liquid velocities, a very close approximation of the experi-
mental data to the isothermal theory is observed. At the
higher liquid velocities and at Mach numbers (Mi) exceeding
4.2, the experimental pressure ratio tends to exceed the iso-
thermal theory. The scatter in this region is sufficiently
great, however, to make the suggestion of a firm trend
questionable.
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Fig. 14 Infrared photographs of supersonic, two-phase
flow over a 10° deflection wedge at various Mach numbers

a) Mi = 2.40, b) Mi = 4.95, c) MI = 13.0.

The downstream Mach number M2 in Eq. (21) is a func-
tion of four variables MI, rvl, ft, and 6 which have the relation-
ship given in Eq. (18). By constraining the four variables
through this equation, the values of downstream Mach num-

/V=-0.8-
Va «I80 ft/sec
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Fig. 15 Oblique shock pressure ratio as a function of Mach
* number for 4° and 10° deflection wedges.

Fig. 16 Oblique shock downstream Mach number as a
function of the upstream Mach number for values of deflec-

tion angle (rvl = 1.0).

ber can be determined from Eq. (21). A plot of M2 as a
function of MI for values of 0 is shown in Fig. 16.

Considering that Prv = const, the downstream volume
ratio rvz is inversely proportional to the downstream pressure
for various values of deflection angle 6. Experimental data
was not obtainable for comparison.

Limiting Deflection Angle for Oblique Shock Attachment

Envelopes of applicability for deflection angle 6 as a func-
tion of Mach number Mi according to Eq. (18) are shown in
Ref. 11. Limiting values of B exist for each value of Mach
number Mi beyond which the shock wave will become
unattached and the oblique shock relations will cease to
apply. Confirmation of the sensitivity of the oblique shock
formation to the limiting deflection angle has been experi-
mentally confirmed with a 20° deflection wedge. The maxi-
mum deflection angle according to Eq. (18) in a flow with
an rvl = 0.96 and Mi = 4.0 is approximately 17°.

Figure 17 shows a flow at MI = 4.0 over a 20° wedge at
an exposure of J Msec- The shock wave appears close to
attachment, yet there is an obvious rounding in front of the
leading edge. To investigate the leading edge phenomena
more thoroughly, isodensity analyses were made of the
negatives of this flow condition. Regions of distinct density
variation associated with shock phenomena were evident
ahead of the leading edge. Measurements of the angles of
the leading shock structure near Mi = 4.0 from various
photographs indicate that the basic shock angle 0 lies be-
tween 53° and 57°. The limiting ft for 6 = 17° at MI =
4.0 is 57°. At higher Mach numbers, the measured angle
of £ for the 20° deflection wedge remained near 57°. Thus,
the relatively constant value of shock angle f3 and the evi-
dence of shock structure well ahead of the leading edge con-
firm the nonattachment of the shock structure at a deflection
angle 6 slightly in excess of the limiting angle for oblique
shock attachment.

6. Stagnation Pressure Recovery

Stagnation pressure surveys were made with a total head
probe at positions both upstream and downstream from nor-
mal shock structure and over the full range of flow conditions
used in the tunnel. It was found that the results for super-
sonic two-phase liquid-gas flows could be reasonably bounded
by a prediction of the isentropic stagnation pressure recovery
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Fig. 17 One half jusec exposure of supersonic flow over a
20° deflection wedge at Mach number (Mi = 4.0).

for the upper bound and a prediction of the normal shock plus
isentropic stagnation pressure recovery for the lower bound
within the Mach number range of the tests.

The isentropic stagnation pressure for homogeneous two-
phase liquid-gas flows considered in this paper can be de-
veloped by assuming that the mixture can decelerate over
a finite distance with a change in cross-sectional area. The
momentum equation at each point is then

pVdV = -dP (22)

This equation can be integrated with the aid of Eqs. (2)
and (3) to give

77 (23)

To distinguish this pressure from the downstream pressure
of normal shock flow, stagnation pressure recovery is desig-
nated P3. The normal shock plus isentropic stagnation
pressure can be derived similarly with the aid of Eq. (8)
and is designated P/i.

The measured stagnation pressure as a function of liquid
velocity (Vi) along with the theoretical isentropic stagnation
pressure recovery and normal shock plus isentropic recovery
curves is shown in Fig. 18. The probe pressure data closely
follows the isentropic theory up to a liquid velocity of about
270 fps and falls away to 10% lower than the theoretical
value at a velocity of 335 fps. In comparison with the normal
shock plus isentropic stagnation pressure recovery, the mea-
sured values are generally in excess of the theory by about
9%. The measured values of stagnation pressure down-
stream of a normal shock lie about 4% above the theory for
liquid velocities up to 200 fps, and at the higher velocity of
335 fps, approach to within a few percent of the latter theory.

7. Determination of Wall Shear in
Two-Phase Flow

Wall shear (rj, or coefficient of friction (C/), can be deter-
mined, if accurate measurements of thrust, static pressure,
and gas and liquid flow rates can be made for different known
lengths of the flow duct. The two-phase injector described
previously was attached to a duct 15 in. in length and 0.75 X
1.95 in. in cross section and the assembly mounted on a thrust
stand. Sections of duct approximately 2 in. long were re-
moved between thrust measurements for a determination of
wall shear.

By computing rWl to correspond with a completely liquid-
filled duct at the same velocity as the two-phase mixture,
the ratio of shear stresses (TW/TW) was determined for each
velocity and plotted as a function of liquid volume fraction
for the two groups of data. From a previous but less accurate
experiment of this type, wall shear results corresponding to a
liquid volume fraction of 0.35 were available. Both groups
of results are shown in Fig. 19. Comparison with a straight
line between zero (wall shear with a pure gas would be 0.0013
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Fig. 18 Stagnation pressures measured both upstream
and downstream of a normal shock as a function of liquid

velocity at the tunnel volume ratio.

TWI or negligible) and 1.0 shows that the simple relationship

r = (TWI) (liquid volume fraction) (24)
can be conservatively used for predicting wall shear in high-
velocity, homogeneous, two-phase liquid-gas flows.

Equation (24) is equivalent to using the mixture density
(p = liquid density X liquid volume fraction, ignoring gas
density) of the two-phase flow and calculating the shear
stress as though the mixture were a single-phase medium.
If friction factors for the experiments are computed as a
function of mixture density and plotted against Reynolds
number also as a function of mixture density and liquid ve-
locity, then the results for the 0.5 volume fraction case fall
within 10% of the Prandtl-von Karman Resistance Law.

8. Summary and Conclusions

Results from the operation of the supersonic, two-phase
tunnel indicate that all of the shock phenomena including
normal, oblique, and conical shocks that are typical of single-
phase, supersonic gas flows can be generated in supersonic,
two-phase, gas-liquid continuum type flows. Shock angles,
pressure ratios, volume ratios, velocity ratios, and Mach
numbers can be accurately predicted by the relatively simple
isothermal theory for a two-phase continuum (the two-
phases were selected to preclude significant condensation or

Fig. 19 Variation of wall shear fraction \vith liquid vol-
ume fraction.
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dissolution of the gas phase into the liquid phase). Such
inherent complexities of the interphase relationships as sur-
face tension, dynamic bubble behavior, heat conduction and
dissolution of the gas phase into the liquid phase can be
neglected for a wide range of volume ratios and shock strengths
as long as the flow characteristics are determined outside of
the region in which the various relaxation processes are
taking place.

The supersonic, two-phase tunnel is capable of providing
uniform, well-defined supersonic flows at Mach numbers from
1 to nearly 100 giving it the most extended Mach number
range of any such device in existence. Such uniformity re-
sults from the multitube water and gas injector that operated
at a fixed area ratio for a wide range of mass-flow rates.

The propagation velocity of a shock wave in a two-phase,
liquid-gas continuum corresponds closely to the velocity
predicted by the isothermal theory. Such waves have a
finite structure that depends upon the gas-liquid volume
ratio, isotropy of phase distribution, and wave strength.

The first visible evidence of shock structure occurs at a
volume ratio of approximately 0.77 for all mixture velocities.
For strong shocks, this evidence is a rapid disorientation of
the chain-like bubble structure into a random pattern. Dis-
orientation was less pronounced in the progressively weaker
shocks such as the weak oblique shocks, where their presence
was evidenced primarily by the change in direction of the
bubble chains upon passing through the shock front.

There was no evidence of Prandtl-Meyer type flow around
expansion corners in the supersonic, two-phase flow. Al-
though no diffuser work was done in the investigation, it is
obvious that expansion without substantial separation can
occur only at very limited diffuser angles.

Over-all volume ratio and void fraction distribution for an
initially uniform two-phase, liquid-gas flow will continuously
change in duct flow because of wall shear stress. The reduced
water velocity in the developing boundary layers tends to de-
crease the core volume ratio and create changing void distri-
butions within the boundary layer. A positive pressure gradi-
ent concurrent with the change in volume ratio will cause a
deceleration of the gaseous phase in accordance with the in-
terphase drag model. For a gaseous-connected model of
relatively low interphase drag, relative velocities can reach a
substantial fraction of the flow velocity.

The isentropic stagnation pressure recovery theory for
two-phase continuum, flows gives a close approximation to
the stagnation pressure recovery measured by a total head
probe for mixture velocities approaching 270 fps. Above
this velocity, the measured pressure drops below the isen-
tropic predicted value and becomes more closely approxi-
mated by the normal shock pressure rise, which is followed
by an isentropic stagnation recovery of the downstream

flow. Here again, the shock thickness in which the relaxa-
tion processes are taking place is substantially greater than
the distance to the probe opening. Consequently, the re-
laxation processes have not been completed at the stagnation
position.

Results of the investigation into the coefficient of friction
indicate that the wall shear stress for two-phase, supersonic
flow can be conservatively approximated by multiplying
the liquid volume fraction of the mixture by the wall shear
stress of a liquid component that flows at the same velocity
as the two-phase flow. This relationship is equivalent to
using the mixture density p of the two-phase flow for calcula-
tion of shear stress as though the mixture were a single-phase
media. For a more detailed derivation of equations, com-
plete listing of all results and extension of variable relation-
ships through a wide range of Mach numbers, the reader
is referred to Ref. 11.
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